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We present a new integral formulation of observer-dependent Maxwell’s equations
in curved spacetime and give a classical interpretation of them.
1 Integral formulation of Maxwell’s equations
Let U be an evolution vector field whose 1-parameter family of diffeomorphisms
drags the family D(p)(t) into itself, satisfying £U t = U dt = 1, for a spacetime
p-form Ω and p-surface integration domain D(p)(t) within the hypersurface of (con-
stant) coordinate time t. The “Transport Theorem” 1 can be written as
d
dt
∫
D(p)(t)
Ω =
∫
D(p)(t)
£UΩ . (1)
Using this theorem for the Maxwell 2-form F and its dual ∗F when decomposed
in terms of electric and magnetic fields E(u), B(u), in a standard way according to
the 3+1 splitting associated to an observer family u:
F = u ∧ E(u) + ∗(u)B(u), ∗F = −u ∧B(u) + ∗(u)E(u), (2)
the Stokes’ theorem applied to the exterior derivatives dF and d∗F , and the differ-
ential formulation of Maxwell’s equation we obtain the Gauss law for the electric
field, that for the magnetic field, the Ampere law and the Faraday law respectively:
∫
∂V(t)
[E(u) + ν(n, u)×u H(u)] · dS(u) = 4π
∫
V(t)
[ρ(u)− ν(n, u) · J(u)] dV (u) ,(3)
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∫
∂V(t)
[H(u)− ν(n, u)×u E(u)] · dS(u) = 0, (4)
−
d
dt
∫
S(t)
[H(u)− ν(n, u)×u E(u)] · dS(u) =
=
∫
∂S(t)
L(u)[E(u) + U ×u {H(u)− ν(n, u)×u E(u)}] · dℓ(u) , (5)
−
d
dt
∫
S(t)
[E(u) + ν(n, u)×u H(u)] · dS(u) =
∫
∂S(t)
L(u)[H(u)− U ×u {E(u) + ν(n, u)×u H(u)}] · dℓ(u) +
+4π
∫
S(t)
L(u)[J(u)− U(ρ(u)− ν(n, u) ·u J(u))] · dS(u) , (6)
where n = −Ndt (N is a “lapse” function) is the unit normal to the constant time
hypersurfaces, the splitting of which according to the generic observer u identifies
the 3-velocity ν(n, u); L(u) = Nγ(u, n)−1; U is the 4-velocity of the curve ∂S(t)
reparametrized by the proper time of u and projected into the local rest space
of u. Let’s specialize now equations (5) to a source free case and for a static
integration surface (U = 0). By replacing L(u)E(u) = Eu and L(u)H(u) = Hu
and introducing the following “constitutive equations” of an equivalent material
medium by the fields:
Bu = L(u)[Hu − ν(n, u)×u Eu] , Du = L(u)[Eu + ν(n, u)×u Hu] . (7)
one has ∫
∂V(t)
Du · dS(u) = 0,
∫
∂V(t)
Bu · dS(u) = 0,
∫
∂S(t)
Eu · dℓ(u) = −
d
dt
∫
S(t)
Bu · dS(u) ,
∫
∂S(t)
Hu · dℓ(u) = −
d
dt
∫
S(t)
Du · dS(u) . (8)
Now one can compare with the integral Maxwell’s equations in flat spacetime in
presence of matter. Even if the subject has been widely discussed in the literature2,
electric and magnetic fields have always been defined through the coordinates and
loss their “observer-dependent” character. The observer-dependent integral formu-
lation of the Maxwell’s equations allows us to ovecome this difficulty.
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